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We study the full counting statistics for the transmission of two identical particles with positive
or negative symmetry under exchange for the situation where the scattering depends on energy. We
find that, besides the expected sensitivity of the noise and higher cumulants, the exchange symmetry
has a huge effect on the average transmitted charge; for equal-spin exchange-correlated electrons,
the average transmitted charge can be orders of magnitude larger than the corresponding value for
independent electrons. A similar, although smaller, effect is found in a four-lead geometry even for
energy-independent scattering.
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I. INTRODUCTION
Full counting statistics provides the ultimate informa-
tion on the statistics of charge transport in mesoscopic
systems. The first study of this type1 already provided a
surprising result, a (quantum2,3) binomial distribution
of charges, telling that the flux of incoming electrons
is regular (a consequence of exchange correlations) and
the scattering events are independent. This result ap-
plies to the situation where the scatterer is character-
ized by an energy-independent transmission and for a
constant applied voltage. The modification due to adi-
abatic pumping4 leaves the binomial result largely un-
changed. Recently, much interest has concentrated on
single particle sources feeding devices with individual
electrons;5,6,7,8,9 such single particle excitations are gen-
erated by (unit-flux) voltage pulses. Again, it turns out
that the full counting analysis remains binomial when the
system is driven by such voltage pulses.7 These findings
make explicit that exchange correlations are absent in
the (energy-independent) scattering process. In this let-
ter, we demonstrate that exchange effects manifest them-
selves when single particle sources inject electrons into
devices with energy dependent scattering.
The analysis of a setup with energy-dependent scat-
tering and driven with a constant voltage has unveiled
sensitivity to exchange in the noise but not in the aver-
age current.10 Furthermore, exchange effects in the noise
were found in the statistics of two particles escaping from
a dot at short times11 and for two electrons traversing a
reflectionless symmetric beam splitter12. Here, we show
that applying voltage pulses in the incoming lead and
injecting individual particles produces non-linear trans-
port due to exchange effects; i.e., a twice larger voltage
pulse does not double the transmitted charge and hence
the average current is sensitive to the exchange symme-
try. Note that voltage pulses applied across the device
are not expected to generate single particle excitations.
The discussion of full counting statistics in the presence
of an energy-dependent scattering is difficult to conduct
in a second-quantized formalism. On the other hand,
k
F
k
2
k
F
k
1
k
0
k
0
1
1
2
3
23
1
3
2
k
0
1 2
10
1 2
10
FIG. 1: Contour plots for the two-particle wave functions
|Ψin,±(k1, k2)|
2 with vanishing separation δx between the par-
ticles. The three processes with 0, 1, and 2 particles transmit-
ted draw their weight Pn, n = 0, 1, 2, from the (shaded) re-
gions labelled with 0, 1, and 2 (shown is the case for the quan-
tum point contact, with a Lorentzian wave function Eq. (7).)
the recent insight regarding the correspondence between
fidelity and full counting statistics13 has enabled a first-
quantized approach based on a wave-packet formalism.
Here, we make use of this new approach in our inves-
tigation of exchange effects on the full counting statis-
tics of charge transport and find interesting new results:
while it is expected that the noise as well as higher-order
correlators will be sensitive to the exchange symmetry,
we find the astounding result that exchange can hugely
enhance (or suppress) the average charge already. The
effect is a consequence of the symmetry-induced reshuf-
fling of weight in the momentum distribution of the two-
particle wave function, see Fig. 1, combined with the
energy dependence of the scattering matrix: the anti-
symmetry under exchange moves weight away from the
(Pauli-blocked) diagonal, which typically leads to an en-
hancement in the scattering channel transmitting one
particle, at the expense of the channel where both par-
ticles are reflected. In a multi-channel/multi-lead setup
the effect appears already for energy-independent trans-
mission amplitudes.
2II. SINGLE LEAD
A. First Quantized Picture
We start with the discussion of a quantum wire with
one conducting channel, cf. Fig. 2(a). The task is to
find the full counting statistics of the charge transport
through a scatterer with an energy-dependent transmis-
sion amplitude located at x = xs. Using the wave-packet
formalism of Ref. 13, we calculate the generating function
for the full counting statistics for two incoming particles,
the simplest case exhibiting the effect of exchange sym-
metry. The incoming particles are described by two wave
packets of the form
ψin,m(x; t) =
∫ ∞
0
dk
2π
fm(k)e
ik(x−vFt) (1)
with the Fourier components f1(k) and f2(k). The nor-
malization of the wave packets in momentum space reads∫
(dk/2π)|fm(k)|2 = 1. At low temperatures the interest-
ing physics takes place near the Fermi points and we can
use a linearized spectrum ǫ = vF|k| with the Fermi veloc-
ity vF, the momentum ~k and the energy ~ǫ. Traversing
the scatterer, the wave packet, Eq. (1), acquires a re-
flected and transmitted term
ψσout,m(x, t) =
∫ ∞
0
dk
2π
fm(k)e
−ikvFt
[
rke
−ikxΘ(xs − x)
+ eiσλ/2τke
ikxΘ(x− xs)
]
, (2)
where τk (rk) is the transmission (reflection) amplitude
and we have introduced a counting field exp(iσλ/2)
in the transmitted part; the sign σ = ±1 differenti-
ates between the forward- and back-propagating wave-
functions required in the wave-packet formalism of full
counting statistics, cf. Ref. 13. The properly (anti)sym-
metrized two-particle wave functions assume the form
Ψx,±(x1, x2; t) ∝ ψx,1(x1; t)ψx,2(x2; t) ± (x1 ↔ x2) with
x = in, out (see, Fig. 2(c); throughout the paper, the
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FIG. 2: (a) Single channel quantum wire driven inductively
(L) with a nearby current IV (t). Two Lorentzian voltage
pulses V (t) = LI˙V /c drive the wave packets ψ1 and ψ2 with
overlap S. The scatterer at x = xs gives rise to a momentum-
dependent transmission probability Tk. (b) Three lead fork
geometry with incoming wave packets in leads 1 and 2 and
the counter (black box) in lead 3. (c) Reflectionless four-lead
beam splitter; the incoming wave packets in leads 1 and 2
undergo a reflectionless transmission into leads 3 and 4.
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FIG. 3: Normalized average charge q = Q/2e〈T 〉 transmitted
through a transmission step (left) and a transmission reso-
nance (right). The step/resonance is placed at a distance k0
away from the Fermi momentum kF, ξ is the width of the
wave packets in real space, and δx denotes the separation be-
tween the wave packets. The top (bottom) figures show the
average transmitted charge for particles with negative (posi-
tive) exchange symmetry. Note the huge enhancement in the
average transmitted charge in the limit δx → 0 and k0ξ ≥ 1
for the case of negative exchange.
subscript ‘±’ refers to the exchange symmetry, e.g., for
two electrons this corresponds to the triplet or singlet
states). The transport statistics is described by the gen-
erating function χ±(λ) =
∫
dx1dx2 Ψ
−1 ∗
out,±Ψ
+1
out,± and we
obtain the result
χ±(λ) =
[
1 + (eiλ − 1)〈1|T |1〉][1 + (eiλ − 1)〈2|T |2〉]
1± |S|2
±
[
S + (eiλ − 1)〈1|T |2〉][S∗ + (eiλ − 1)〈2|T |1〉]
1± |S|2 (3)
with the matrix elements 〈n|T |m〉 = ∫ (dk/2π)f∗n(k)Tk
fm(k) involving the transmission probability Tk = |τk|2
and the overlap integral S =
∫
(dk/2π)f∗1 (k)f2(k).
13 The
Fourier transform Pn =
∫
(dλ/2π)χ(λ)e−iλn yields the
probability Pn for transmitting n particles.
For energy-independent transmission amplitudes τk ≡
τ , the exchange term in Eq. (3) cancels with the denom-
inator and the counting statistics does not dependent on
the exchange symmetry of the particles. This property
is particular to the one-dimensional wire; in a multi-lead
setup, this cancellation does not occur and interference
terms can be observed even for energy-independent scat-
tering amplitudes, see below.
On the contrary, for an energy-dependent transmis-
sion, the exchange term has a dramatic effect on the
3statistical properties of the transferred charge. To keep
the discussion simple, we consider the case of two in-
cident wave packets with the same momentum distri-
bution separated in position. Given the initial sepa-
ration δx, the Fourier components of the wave pack-
ets satisfy f2(k) = f1(k)e
−ikδx and thus, 〈1|T |1〉 =
〈2|T |2〉 ≡ 〈T 〉 = ∫ (dk/2π)Tk|f1(k)|2. The overlap inte-
gral S =
∫
(dk/2π)|f1(k)|2 exp(ikδx) is the Fourier trans-
form of the distribution in momentum space. The trans-
mission probabilities Pn,± are given by (
∑
n Pn,± = 1)
P0,± =
(1− 〈T 〉)2 ± |S − 〈1|T |2〉|2
1± |S|2 ,
P1,± = 2
〈T 〉(1− 〈T 〉)±[Re(〈1|T |2〉S∗)− |〈1|T |2〉|2]
1± |S|2 ,
P2,± =
〈T 〉2 ± |〈1|T |2〉|2
1± |S|2 ; (4)
they depend on the exchange symmetry provided that
〈1|T |2〉 6= S〈T 〉. These transmission probabilities are
easily converted into cumulants of transmitted charge
Q =
∫
dtI(t).14 For two particles incident on the scat-
terer, the first two cumulants read (e denotes the charge
of the particles)
〈Q/e〉± = P1,± + 2P2,±
〈〈(Q/e)2〉〉± = P1,±(1− P1,±) + 4P2,±P0,± (5)
and we find both depending on the exchange symmetry.
While interference terms in the noise 〈〈Q2〉〉 due to the
exchange symmetry of electrons are expected and have
been found before,10,11,12 here, we find that already the
transmitted charge 〈Q〉 is sensitive to the exchange sym-
metry.
For a quantitative analysis of the effect, we need to
specify the shape f1 of the wave packets as well as
the energy dependence Tk of the transmission probabil-
ity. Rather than postulating trivial Gaussian wave pack-
ets, here, we consider a more realistic situation where
the wave packets are deliberately created by voltage
pulses. The creation of such single-particle excitations
requires voltage pulses of unit flux6 Φ0 = hc/e and with
Lorentzian shape,9 Vt1(t) = −(2vFξΦ0/c)/[v2F(t − t1)2 +
ξ2], where we conveniently express the pulse duration
ξ/vF through the length parameter ξ. Such a voltage
pulse generates a wave packet with amplitude (x1 = vFt1)
f1(k) =
√
4πξe−ξ(k−kF)−ikx1Θ(k − kF), (6)
and a Lorentzian shape in real space,
|ψ1|2 = ξ/π
(x− x1 − vFt)2 + ξ2 , (7)
cf. Appendix A.
For two wave packets separated by δx we obtain an
overlap integral S = e−ikFδx/(1 + iδx/2ξ).
Next, we concentrate on the scatterer where we con-
sider two generic types: (i) for a sharp transmission res-
onance, e.g., due to a double barrier, the energy depen-
dent transmission probability assumes the form T resk =
α/[1 + β2(k − kF − k0)2] where α ≤ 1 is the amplitude
of the resonance and k0 > 0 is its position relative to
the Fermi wave vector kF. The width β
−1 of the reso-
nance has to be much smaller than the width ξ−1 of the
wave packet in k-space, β−1 ≪ ξ−1. The transmission
probability 〈T res〉 for a single wave packet with ampli-
tude f1(k) assumes the form 〈T res〉 ≈ (2παξ/β)e−2ξk0 for
β−1 ≪ k0, i.e., a resonance away from the Fermi level.
While a small parameter k0ξ produces a large overall
signal, it does suppress the effect of exchange symmetry
since the transmission is already saturated, hence, below
we will be interested in intermediate and large values of
k0ξ. (ii) For a (sharp, β
−1 ≪ ξ−1) transmission step,
e.g., due to a quantum point contact, we use the Kemble
function15 T qpck = α/[1+e
−β(k−kF−k0)] producing the av-
eraged transmission probability 〈T qpc〉 ≈ αe−2ξk0 ; note
that the small prefactor ξ/β is absent in this case.
For a sharp resonance, the exchange term assumes the
simple form 〈1|T res|2〉 ≈ e−i(kF+k0)δx〈T res〉 and its prod-
uct with the overlap integral S∗ results in an expression
∝ exp(−ik0δx) independent of kF. The average trans-
mitted charge, cf. Fig. 3, then exhibits oscillations in the
separation δx,
〈Q/e〉res± = 2〈T res〉 (8)
× 1 + (δx/2ξ)
2 ± [cos(k0δx) + (δx/2ξ) sin(k0δx)]
1 + (δx/2ξ)2 ± 1 .
For wave packets with a large separation δx≫ ξ, the ex-
change term decays as (δx)−2 and the transmitted charge
is given by 〈Q/e〉res = 2〈T res〉, independent on the sign
of the exchange term. On the other hand, strongly over-
lapping wave packets with δx → 0 reproduce the result
for independent particles 〈Q/e〉res+ = 2〈T res〉 for the sym-
metric exchange. For the anti-symmetric case the trans-
mitted charge
〈Q/e〉res− = 2〈T res〉(1− 2ξk0 + 2ξ2k20) (9)
is reduced for narrow wave packets, ξk0 < 1 and en-
hanced for wave packets with ξk0 > 1; the reduction can
be up to 50% for ξk0 = 1/2, while the increase is un-
limited for ξk0 > 1.
16 Note that this increase is due to a
large P1,− as P2,− vanishes.
The quantum point contact yields almost identical re-
sults: The off-diagonal matrix element assumes the form
〈1|T qpc|2〉 ≈ e−ik0δxS〈T qpc〉 and the interference term in
P2 vanishes. The transmitted charge
〈Q/e〉qpc± = 2〈T qpc〉
1 + (δx/2ξ)2 ± cos(k0δx)
1 + (δx/2ξ)2 ± 1 (10)
again exhibits oscillations with k0δx, cf. Fig. 3. The var-
ious limits discussed above are reproduced as well, ex-
cept for the case of anti-symmetric exchange and strongly
4overlapping wave packets, cf. (9), where the average
transmitted charge now is given by
〈Q/e〉qpc− = 2〈T qpc〉(1 + 2ξ2k20). (11)
Eqs. (9) and (11) are the most striking results of our
study: for a large parameter ξk0 the mean transmitted
charge can be hugely increased as compared to the value
expected for two independent wave packets. Note that
the above results are valid in a regime where all relevant
lengths remain below the phase breaking length Lϕ. Fi-
nally, we provide the expressions for the generating func-
tion of the full counting statistics,
χres± =1 + 〈Q/e〉res± (eiλ − 1) (12)
+ 〈T res〉2 (1± 1)[(δx/2ξ)
2 + 1]
(δx/2ξ)2 + 1± 1 (e
iλ − 1)2,
χqpc± =1 + 〈Q/e〉qpc± (eiλ − 1) + 〈T qpc〉2(eiλ − 1)2. (13)
The above enhancements in 〈Q〉− are entirely due to
P1; there are two crucial elements in the game, Pauli
exclusion and dispersive scattering. Dispersive scatter-
ing generates broader wave functions and combined with
Pauli exclusion we have a reduction in P0 and P2, and
hence an increase in P1. However, different settings may
be thought of where P2 is enhanced. E.g., a large P2,−
(see (3)) is obtained for wave packets with shifted am-
plitudes f2(k) = f1(k + δk) in k-space and a large over-
lap integral S combined with a transmission amplitude
suppressing k-values in the overlap region. A large en-
hancement in the tunneling probability of two identical
particles due to an enhanced P2 was also found by Suslov
and Lebedev.17
B. Second Quantized Picture
In a second quantized picture, electronic excitations in
the quantum wire are produced by a voltage pulse V (t)
applied at x = 0.18 If the time dependence of the volt-
age is slow compared to the transition time of an electron
through the loop, the potential can be considered as qua-
sistatic. It can then be incorporated in the phase factor
exp[iφ(t−x/vF)Θ(x)], where vF is the Fermi velocity and
the phase,
φ(t) =
eΦ(t)
~c
= − e
~
∫ t
−∞
dt′V (t′), (14)
is proportional to the flux Φ(t). The solution ψL,k(x; t) =
exp[ik(x−vFt)+ iφ(t−x/vF)Θ(x)] of the time dependent
Schro¨dinger equation19 is a plane wave with well-defined
energy ~vFk, left of the position of the voltage pulse,
x < xs. The wave function ψL,k(x; t) for x > 0 can be
decomposed into energy eigenmodes exp[ik(x − vFt)] of
the free Hamiltonian
ψL,k(xs > x > 0; t) =
∫
dk′
2π
U(k′ − k)eik′(x−vFt) (15)
where the transformation kernel
U(q) = vF
∫
dteiφ(t)+iqvFt (16)
is the Fourier transform of the phase factor exp[iφ(t)].
In the present work, we are interested in applying inte-
ger flux pulses such that φ(t →∞) ∈ 2πN as noninteger
flux pulses do not produce clean single-particle excita-
tions and lead to logarithmic divergences in the noise
of the transmitted charge.6,20 In the case of integer flux
pulses, the behavior of exp[iφ(t)] → 1 for large times,
t → ±∞, leads to a Dirac delta function 2πδ(q). The
remaining part U reg(q) = U(q) − 2πδ(q) is finite for a
localized voltage pulse;
U reg(q) = vF
∫
dt
[
eiφ(t) − 1]eiqvFt. (17)
The transformation U(k′ − k) describes the scattering
amplitude for the transition from a momentum state k
(for x < 0) to the state k′ (for x > 0) due to the applica-
tion of the voltage pulse. The statement that the wave
function is in the momentum state k′ holds in the asymp-
totic region, i.e., for observation points with xobs ≫ ξ.
The scattering matrix approach at the scatterer assign
the momentum component k′ a transmission amplitude
τk′ for traversing the scatterer. Therefore, momentum
eigenstates k incoming from the left assume the form
ψL,k(x > xs, t) =
∫
dk′
2π
U(k′ − k)eik′(x−vFt)τk′ , (18)
right of the scattering region. The states originating from
the right do not enter the region where the voltage pulse
is applied and consists of the incoming and the reflected
part
ψR,k(x > xs, t) = (e
−ikx + rke
ikx)e−ikvFt (19)
without any shift in energy. The time dependent field
operator is given by
Ψ(x > xs, t) =
∫
dk
2π
[
ψL,k(x; t)ak + ψR,k(x; t)bk
]
(20)
in the region x > xs behind the scatterer; here, ak and bk
denote fermionic annihilation operators for states com-
ing from the left, right reservoir, respectively. Aver-
aging the current operator, defined as I(x > xs; t) =
e~
(
Ψ†(x; t)∂xΨ(x; t)− [∂xΨ†(x; t)]Ψ(x; t)
)
/2im, over the
Fermi reservoirs assuming the same Fermi distribution
n(k) at the far right and left of the interaction region and
integrating the ensemble averaged current over time, the
average transmitted charge
〈Q/e〉 =
∫
dk
2π
n(k)
∫
dk′
2π
K(k′ − k)Tk′ (21)
is obtained. It depends through the kernel K(q) =
|U reg(q)|2 + 4πδ(q)Re[U reg(0)] on different transmission
5probabilities Tk+q than incoming wave vector k; note that
for U reg(q) whose real part is not continuous near q = 0,
Re[U reg(0)] has to be replaced by the symmetric limit
Re[U reg(0 + iε) + U reg(0 − iε)]/2 (ε → 0). Equivalently,
the kernel K(q) can be defined as
K(q) = v2F
∫
dtdt′
[
eiφ(t)−iφ(t
′) − 1]eiqvF(t−t′). (22)
The first quantized result, 〈Q/e〉 = ∫ (dk/2π)|f(k)|2Tk, is
the same as the second quantized, Eq. (21), provided that∫
(dk′/2π)n(k′)K(k − k′) = |f(k)|2, where f(k) denotes
the wave function in the first quantized picture.
In a first step, we discuss a unit flux voltage pulse of
Lorentzian shape Vt1(t) = −(2vFξ~/e)/[v2F(t− t1)2 + ξ2],
vFξ ≫ 1 applied at time t1. The regular part of the
transformation kernel is given by
U regx1 (q) = −2π(2ξ)e−ξq−iqx1Θ(q), (23)
where x1 = vFt1. The Θ-function reflects the fact that
the Lorentzian pulse only increases the energy of the in-
dividual Fourier components. As we will discuss in Ap-
pendix A, the pulse produces a clean single particle ex-
citation on top of the Fermi sea. Calculating
Kx1(q) = (2π)
22ξ
[
2ξe−2ξqΘ(q)− δ(q)
]
(24)
and inserting the result in Eq. (21) yields the average
charge transmitted, (for zero temperature with n(k) =
Θ(kF − k), i.e., temperatures ϑ≪ ~ξ/vF)
〈Q/e〉x1 =
∫ kF
0
dk
∫
dk′2ξ
[
2ξe−2ξ(k
′−k)Θ(k′ − k)
− δ(k′ − k)
]
Tk′ =
∫
dk
2π
|f1(k)|2Tk. (25)
In the last step, we performed the integration over k and
renamed the remaining variable of integration. Further-
more, we dropped terms with k ≈ 0. These terms cor-
respond to the fact that the left states are shifted up in
energy and therefore, currents from filled states on the
right for small k values are not canceled by correspond-
ing currents on the left. This is an unphysical artifact
of the linear spectrum approximation which is only valid
close to the Fermi point, k ≈ kF. Formally, one can cure
the problem by setting the lower integration bound for
the k integration to −∞ whenever one integrates over the
Fermi sea. The empty states are then shifted to k → −∞
and do not appear in the final result. Alternatively, the
transmission probability Tk can be set to 0 for small val-
ues of k. Eq. (25) is exactly the first quantized result for
a wave packet of Lorentzian form, Eq. (6). More interest-
ing than the single voltage pulse are two pulses separated
by δx = vFδt = x2 − x1 as they produce two wave pack-
ets and we expect interference terms to be found as in
the first quantized formalism. For two pulses, the phase
factor is a product of the phase factors of the individ-
ual pulses. Therefore, the Fourier transformed function
Ux1,x2(q) is the convolution of the transformation func-
tions for single pulses Ux1,x2(q) = Ux1∗Ux2(q),
U regx1,x2(q)− U regx1 (q)− U regx2 (q) = U regx1 ∗U regx2 (q) (26)
=
2(2π)(2ξ)2
δx
e−ξq−iq(x1+x2)/2 sin(qδx/2)Θ(q).
In the expression for the transmitted charge, we need to
know the kernel K given by
Kx1,x2(q) = Kx1(q) +Kx2(q) + 2(2π)
2(2ξ)2e−2ξqΘ(q)
×
(
2
[
δx cos(qδx/2)− 2ξ sin(qδx/2)]2
(δx)2
− 1
)
. (27)
The first two terms correspond to the direct contribu-
tion, the last term describes the interference. At zero
temperature the average transmitted charge
〈Q/e〉x1,x2 = 〈Q/e〉x1 + 〈Q/e〉x2 (28)
+ 2
∫ ∞
0
dq 2ξe−2ξqTkF+q
1− cos(qδx) − δx2ξ sin(qδx)
(δx/2ξ)2
= P1,− + 2P2,−,
for two Lorentzian voltage pulses separated by δx is ob-
tained. When comparing Eq. (28) to the first quantized
result (4), it can be seen that the result in second quan-
tization is the same as expected from the analysis in the
first quantized picture for an antisymmetric wave func-
tion. For a single voltage pulse with double flux, i.e.
δx = 0, the increase in the transmitted charge as seen
in the first quantized formalism is confirmed. Moreover,
applying a voltage pulse carrying even more flux quan-
tum, leads to a further increase in the transmitted charge
with respect to the independent particle picture, cf. Ap-
pendix B.
So far, we considered only spinless particles. The elec-
tronic spin 1/2 is included easily in the second quantized
formalism. The summation over the spin degree of free-
dom provides a factor of two for each cumulant; i.e., each
voltage pulse excites two particles in the same spatial
state. In the first quantized formalism, a single voltage
pulse which excites two particles in the state Ψ1(x; t) can
be described as a singlet
Ψ(x1, x2, t) = Ψ1(x1, t)Ψ1(x2, t)
|↑↓〉 − |↓↑〉√
2
. (29)
Each of the two particles carries the same current and
they are independent of each other which leads to a fac-
tor two as in the second quantized formalism. Accord-
ingly, two unit flux voltage pulses excite a four particle
state involving the wave functions Ψ1,2(x; t). The sec-
ond quantized formalism leads a factor of two due to
the spin degeneracy and an averaging over the energies
of the antisymmetrized wave function Ψ−(x1, x2; t) =[
Ψ1(x1; t)Ψ2(x2, t) − (x1 ↔ x2)]
]
/
√
2(1− |S|2). In first
6quantization, the four-particle wave function with spin 0
is given by
Ψ(x1, x2, x3, x4, t) = (30)
1√
6
[
Ψ−(x1, x2, t)Ψ−(x3, x4, t)
(|↑↑↓↓〉+ |↓↓↑↑〉)
+Ψ−(x1, x4, t)Ψ−(x2, x3, t)
(|↑↓↓↑〉+ |↓↑↑↓〉)
−Ψ−(x1, x3, t)Ψ−(x2, x4, t)
(|↑↓↑↓〉+ |↓↑↓↑〉)].
As the spin is unimportant, we may integrate over the
spin degrees of freedom and obtain a density matrix
consisting of an equal mixture of the wave function
Ψ−(x1, x2; t)Ψ−(x3, x4; t) and wave functions obtained
by coordinate relabeling. Relabeling does not change
the physics of independent particles. We can choose any
one of the wave functions in the first quantized picture.
Both the antisymmetry (Ψ−) and the trivial factor of
two (product of two wave functions) are now also visible
in the first quantized language. The generating function
χ
(4)
± = χ±
2 of the full counting statistics for the four spin
degenerate particles is the square of the spinless generat-
ing functions χ± of Eq. (12).
The procedure outline can also be carried out for dif-
ferent forms of the voltage pulse. Note though that for
pulses other than a Lorentzian voltage pulse there is no
simple first quantized correspondence to the second quan-
tized formalism. A unit flux voltage pulse is given by
V (t) = − 2~f˙(t)/e
1 + f(t)2
(31)
with the requirement that f(t → ±∞) → ±∞; the
Lorentzian voltage pulse, considered so far, is a special
case obtained with f(t) = vFt/ξ. The phase factor as-
sumes the form
eiφ(t) =
f(t)− i
f(t) + i
. (32)
As an example we consider the voltage pulse given by
f(t) = (vFt/ξ)
3 which has a simple transformation func-
tion U(q) = 2πδ(q) + U reg(q) with
U reg(q) = −2π 2ξ
3
[
eξqΘ(−q) (33)
+ e−ξq/2[cos(
√
3ξq/2) +
√
3 sin(
√
3ξq/2)]Θ(q)
]
The part with positive momentum transfer, q > 0, cor-
responds to an excited electron as we have seen for the
simple Lorentzian pulse. The negative momentum in-
dicates holes accompanying the electron. The kernel K
assumes the form
K(q) = (2π)2
(2ξ)2
9
[
e2ξqΘ(−q) (34)
+ e−ξq[2− cos(
√
3ξq) +
√
3 sin(
√
3ξq)]Θ(q)
]
− 2(2π)2(2ξ)δ(q)/3.
Plugging it in Eq. (21), yields the average transmitted
charge
〈Q/e〉 =2ξ
9
∫
dk Tk
[
−e−2ξ(kF−k)Θ(kF − k)
+ e−ξ(k−kF)
(
4 + cos
[√
3ξ(k − kF)
]
+
√
3 sin
[√
3ξ(k − kF)
])
Θ(k − kF)
]
(35)
at zero temperature. The part with the negative mo-
mentum transfer carries a negative charge, hole, and the
charge of the other part is positive and so the expected
nature of excitations is confirmed. Note that in the case
of a fully transparent wire (Tk ≡ 1), the average trans-
mitted charge is exactly one electron e.
III. MULTI-LEAD
In a multi-lead setup, exchange effects can be found
for an energy-independent scattering already. Here, we
discuss the three-lead fork geometry and the four-lead
reflectionless beam splitter for two incoming particles in
different leads 1 and 2 and hence vanishing initial over-
lap. The wave packets are assumed to have a Lorentzian
shape (6) and to impinge on the scatterer with a delay
δt = δx/vF. In the three-lead geometry, cf. Fig. 2(b), the
generating function reads
χA± = 1+ T3(e
iλ − 1) + (1± |S|2)T13T23(eiλ − 1)2, (36)
where T13 and T23 denote the transmission probabilities
for particles incident from leads 1 and 2 and propagating
into lead 3 (containing the counter) and T3 = T13 + T23.
The probabilities
PA0,± = (1− T13)(1− T23)± |S|2T13T23
PA1,± = T13(1 − T23) + (1− T13)T23 ∓ 2|S|2T13T23
PA2,± = (1± |S|2)T13T23 (37)
depend on the exchange symmetry as long as T13T23 6= 0.
For δx = 0 the overlap integral S = e−ikFδx/(1+ iδx/2ξ)
becomes unity and hence P2,− = 0. Finally, the charge
cumulants assume the form
〈Q/e〉A± =T3, (38)
〈〈(Q/e)2〉〉A± =T13(1−T13) + T23(1−T23)±2|S|2T13T23;
effects due to exchange symmetry are limited to the
charge noise which is enhanced (reduced) for the (anti-)
symmetric case. For the reflectionless four-lead beam
splitter with the counter in lead 3, Fig. 2(c), we obtain
the generating function, probabilities, and moments in
7the form
χB± = 1 + [T3 ± |S|2(T3 − 1)](eiλ − 1)
+ (1± |S|2)T13T23(eiλ − 1)2
PB0,± = (1± |S|2)(1 − T13)(1− T23)
PB1,± = (1± |S|2)[(1 − T13)T23 + T13(1 − T23)]
∓ |S|2
PB2,± = (1± |S|2)T13T23
〈Q/e〉B± = (1± |S|2)T3 ∓ |S|2
〈〈(Q/e)2〉〉B± = (1± |S|2)
[
(1 − T13)T13 + (1− T23)T23
∓ |S|2(T3 − 1)2
]
. (39)
Particles with anti-symmetric exchange and δx = 0 ex-
hibit no partitioning and the noise vanishes,12 as PB0,− =
PB2,− = 0 and P
B
1,− = 1, i.e., each of the incoming parti-
cles is transmitted in a different outgoing lead.12 In the
nonsymmetric case T3 6= 1 (note that T13 + T14 = 1 and
T14 = T23 in the symmetric situation), an exchange ef-
fect shows up already in the average transmitted charge
〈Q/e〉B± = (1 ± |S|2)T3 ∓ |S|2.
IV. EXPERIMENTAL VERIFICATION
In order to observe exchange effects in an experiment,
we propose to test for the predicted non-linearity in the
transport: comparing the average transmitted charge
〈Q(1)〉 for a single flux pulse with the one (〈Q(2)〉) in-
jected with doubled voltage, our analysis predicts the
non-trivial result 〈Q(2)〉/2〈Q(1)〉 = 1 + 2ξ2k20 , cf., Eqs.
(11); for a transmission resonance, 〈Q(2)〉/2〈Q(1)〉 = 1 −
2ξk0+2ξ
2k20 , cf., Eqs. (9). Given a pulse length of dura-
tion ∼ 10−10 s, such an experiment requires a device with
a phase coherence length beyond 10 µm and is preferably
carried out on a quantum point contact where Coulomb
effects are less prominent. In this case, we have to com-
pare the spread in energy ~vF/ξ of the wave packet with
the charging energy e2/C, where C ∼ εL denotes the
junction capacitance (L the length of the point contact).
For a sharp transmission step, we have ξ/L < 1 small
and the relation ξ/L < ε(~c/e2)(vF/c) can be satisfied.
V. CONCLUSION
In summary, we have studied effects of the exchange
symmetry on the transport statistics in mesoscopic sys-
tems. We find a strong dependence (and possibly huge
enhancement) of the average charge transmission on the
exchange symmetry, provided that the wave function
sufficiently overlap. For antisymmetric exchange such
overlap pushes weight of the two-particle wave function
to higher energies and combined with the energy de-
pendent scattering this leads to the observed enhance-
ment. For multi-channel/multi-lead setups, exchange
effects can already be observed for energy-independent
scattering probabilites. There the origin of the effect is
rooted in simple Pauli-blocking. Furthermore, we have
proposed a experiment to test for the most striking ef-
fect of exchange; the non-linearity in transport.
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financial support from the CTS-ETHZ and the Russian
Foundation for Basic Research (06-02-17086-a).
APPENDIX A: EQUIVALENCE BETWEEN THE
FIRST AND SECOND QUANTIZED PICTURE
Finally, we motivate the form (6) for the k-space ampli-
tude f1(k) of the pulse-generated wave packet. In the adi-
abatic limit, a voltage pulse V (t) applied at x = 0 adds
a phase φ(t) = −(e/~) ∫ t
−∞
dt′V (t′), e > 0, to the wave
function across the origin19. We derive the scattering ma-
trix Uk′,k describing the transitions from k states at x < 0
to k′ states at x > 0. This is conveniently done in real
space, where a particle described by the time-retarded
state |x˜〉 with 〈x, t|x˜〉 = δ(x − vFt) for x < 0 evolves to
exp[iφ(−x˜/vF)]|x˜〉 at x > 0 under the action of the volt-
age pulse (x˜ = x − vFt is the retarded variable). An ar-
bitrary incoming state at x < 0 then is transformed into
the corresponding outgoing state at x > 0 via the unitary
scattering operator Uˆ = exp[i
∫
dx˜φ(−x˜/vF)Ψ†(x˜)Ψ(x˜)]
with the time-retarded field operator Ψ(x˜). We intro-
duce the fermionic annihilation operators ak, generat-
ing basis states exp(ikx˜), and transform to k-space via
Ψ(x˜) =
∫
(dk/2π) exp(ikx˜)ak to find the matrix elements
Uk′,k = U(k
′ − k) = vF
∫
dt exp[iφ(t) + i(k′ − k)vFt]. The
scattering amplitude then relates to the amplitude f1(k)
in (6) via Ux1(q) = −
√
4πξf1(kF + q) e
ikFvFt1 + 2πδ(q),
cf. Eq. (23). The voltage pulse transforms the Fermi sea
|ΦF〉 to |Φ¯F〉 = Uˆx1|ΦF〉; the calculation of the density
matrix at zero temperature
〈Φ¯F|a†k′ak|Φ¯F〉=
∫
dk′′
2π
U∗x1(k
′ − k′′)Ux1(k − k′′)Θ(kF − k′′)
=〈ΦF|a†k′ak|ΦF〉+ f∗1 (k′)f1(k), (A1)
involves the transformed annihilation operators
Uˆ †akUˆ = ak +
∫
dk′
2π
U reg(k − k′)ak′ (A2)
with U reg(q) defined in Eq. (17). It tells us that the
voltage pulse leaves back a filled Fermi sea above which
an excitation is created with an amplitude f1(k) given
by Eq. (6). Furthermore, we find that the two-particle
correlator 〈Φ¯F|a†ka†k′ak′ak|Φ¯F〉 vanishes for k, k′ > kF and
hence pair-excitations are absent. To observe the effects
of the exchange symmetry, the overlap integrals are im-
portant. To create two particles, two pulses need to be
applied in sequence, Uˆ = Uˆx2Uˆx1 . A straightforward cal-
culation shows that
8〈ΦF|Uˆx1†Uˆx2†a†k′akUˆx2Uˆx1 |ΦF〉 = 〈ΦF|a†k′ak|ΦF〉+
∫
dk′′
2π
[f∗1 (k
′)f∗2 (k
′′)− f∗2 (k′)f∗1 (k′′)][f1(k)f2(k′′)− f2(k)f1(k′′)]
1− |S|2 ,
i.e., the resulting state is the unperturbed Fermi system
with an antisymmetrized two particle wave packet on top
of it. Therefore, the first quantized picture can be used
even for two voltage pulses resulting in a two particle
wave function in the first quantized picture and Eq. (3)
gives the full counting statistics of the two transmitted
electrons.
APPENDIX B: MANY FLUX LORENTZIAN
VOLTAGE PULSE
Applying a Lorentzian shaped n flux voltage pulse
Vn(t) = −(2nvFξ~/e)/[(vFt)2 + ξ2], an even more drastic
nonlinear effect is expected than found for the two par-
ticle case. The phase factor exp[iφ(t)] is the n-th power
of the single pulse phase factor. The Fourier transforma-
tion of the phase factor can be carried out using Cauchy’s
formula. We obtain
U regn (q) = 2π(2ξ)e
−ξqΘ(q)
n∑
l=1
n!(−1)l(2ξq)l−1
(l − 1)!l!(n− l)! . (B1)
The kernel is then given by
Kn(q) = −(2π)2n(2ξ)δ(q) + (2π)2(2ξ)2e−2ξqΘ(q)
×
n∑
l,m=1
(n!)2(−1)l+m(2ξq)l+m−2
(l − 1)!l!(n− l)!(m− 1)!m!(n−m)! (B2)
To calculate the average transmitted charge, Eq. (B2)
need to be integrated over the Fermi sea, c.f. Eq. (21).
The averaging over the zero temperature Fermi sea leads
to
|f(k)|2n =
∫
dk′
2π
n(k′)K(k − k′) = 2π(2ξ)Θ(k − kF)
×
n∑
l,m=1
(n!)2(−1)l+mΓ(l +m− 1, 2ξ(k − kF))
(l − 1)!l!(n− l)!(m− 1)!m!(n−m)! (B3)
where Γ(n, x0) =
∫∞
x0
dxxn−1e−x denotes the incom-
plete gamma function. The average charge transmitted
is given by 〈Q/e〉n =
∫
(dk/2π)|f(k)|2nTk. The result for
the scattering resonance can then be calculated,
〈Q/e〉2 = 2〈T res〉(1− 2ξk0 + 2ξ2k20)
〈Q/e〉3 = 3〈T res〉(1− 4ξk0 + 8ξ2k20 − 16ξ3k30/3
+ 4ξ4k40/3)
〈Q/e〉4 = 4〈T res〉(1− 6ξk0 + 18ξ2k20 − 68ξ3k30/2
+ 14ξ4k40 − 4ξ5k50 + 4ξ6k60/9), (B4)
using the fact that the incomplete gamma function for
integer n is expressible through a polynomial times an
exponential. For the quantum point contact, the equiva-
lent expressions read
〈Q/e〉2 = 2〈T qpc〉(1 + 2ξ2k20)
〈Q/e〉3 = 3〈T qpc〉(1 + 4ξ2k20 − 8ξ3k30/3 + 4ξ4k40/3)
〈Q/e〉4 = 4〈T qpc〉(1 + 6ξ2k20 − 8ξ3k30 + 22ξ4k40/3
− 8ξ5k50/3 + 4ξ6k60/9). (B5)
Increasing the voltage, Vn ∝ n, which corresponds to
sending more electrons through the scattering region,
there is a huge nonlinear increase in the transmitted
charge if ξk0 ≫ 1.
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